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Abstract— We are given a Boolean function f: {—1,1}" —
R that can be written as a sparse linear combination of s
polynomials. The Junta problem cf. [1] is an instance of such
a setting. Our goal is to learn the function f by accessing
its values at randomly sampled m elements from {—1,1}". In
this paper, we draw connections between the sparse polynomial
learning problem and compressed sensing. As a result we
provide a convex program that learns an s-sparse polynomial
with high probability using m = O(s’n) observations. We
contrast this result with the worst case sample-complexity which
requires O(n2") random samples to learn the entire function
f. Our results naturally extend to the setting where the data
is noisy or f is well approximated by an s-sparse polynomial.
Our results also show that the solution adapts to the number
of observations and finds a natural approximation given the
available information.

I. INTRODUCTION.

The problem of learning a Boolean function is a simple
learning task that allows us to still model complex inter-
actions between the variables. It is one of the simplest
settings of non-parametric regression and captures instances
of learning problems where the features are categorical, for
example: male or female? In contrast to many models that
assume the linearity of the response on the features, we
would like to understand models where the value of the
Boolean function can depend on intricate Boolean operations
between the input features. Concretely, we assume that our
function f € F := {f : {—1,1}" — R} is s-sparse Boolean
Sfunction, that is, it admits the decomposition

f(.’l?) = Z Qg XJ; (3?), (1)
=1

where J; C [n] := {1,2,...,n}, @y, € R, and for any
arbitrary J C [n] we define x; € Frool as

e ym; if J 20
X"(x):{1 = 1fji® @

where 2; denotes the i*” component of x. The collection
of functions {x(z)} corresponds to the higher-order poly-
nomials and allows us to model more complex interactions
between the input features.

One specific instance of this problem is known as the d-
Junta and was considered earlier by Littlestone [2] as well
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as Blum, Hellerstein and Littlestone [3]'. In its current form,
the problem was introduced by Blum and Langley [1]. The
d-Junta problem is to learn an unknown Boolean function
f:{-1,1}" — R, that depends only on d < n variables
from labeled samples (z, f(x)), where © = (z1,...,2,)
are sampled uniformly from {—1,1}". Thus, there are d
unknown indices 1 < 73 < --- < ig < n and a hidden
function g : {—1,1}¢ ~ R so that for all z € {—1,1}"

f(.Tl,... .,l’id). (3)

If we let S = {i1,12,...,iq} then we shall see in the sequel
that f admits the decomposition in equation (1) such that
oy, = 0 for all J; that are not subsets of S. Therefore, in
the setting of the d-Junta, the sparsity index s = 2¢. In our
setting, we are interested in more general sparse polynomial
decompositions. Our functions may depend on any number
of the input variables, however, we assume that there are few
interactions between these variables.

71'71) :g(‘riuu

A. Summary of results.

As alluded to above, the aim of this paper is to develop
a framework linking sparse polynomial Boolean function
learning and compressed sensing. In particular we show that
a natural sensing matrix that arises in the Boolean function
learning setting satisfies an incoherence type condition [4],
[5], [6]. With that, we are then able to leverage some of
the existing results in the compressed sensing literature as
well as develop some new results in order to demonstrate
particular error bounds for recovering the coefficients of the
polynomial decomposition of f. We show that with order
s2n samples we are able to successfully recover an s-sparse
Boolean function f. Our result is robust in the sense that
it naturally extends to the setting where the observations
are noisy. More generally, it extends for noisy instances
of approximate s-sparse polynomial functions; that is our
results are applicable in the setting where the function is not
an exactly s-sparse Boolean function. Our final set of results
demonstrate that the algorithm we will present in the sequel
is adaptive to the number of observations available in that
the method will find a natural s-sparse approximation to the
function given the available data.

'An informative blog-post by Rick Lipton dated June 4, 2009 titled
The Junta Problem is worth a read. Our approach utilizes techniques from
compressive sensing literature and it is note worthy that RL had mentioned
this as a plausible plan of attack in the Junta setting.
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Few words about the proof technique. The results of this
paper, at some level, are simple observations. Specifically, we
show that under the uniform sampling model, the induced
‘Fourier Matrix’ has an appropriate incoherence property.
We are able to establish this fact by noting that under the
uniform sampling model, the columns of such a matrix are
pair-wise independent. Using this property along with the
techniques developed in the compressive sensing literature
for approximate sparse recovery [7], we establish our results.

II. SETUP AND PROBLEM STATEMENT.

This section describes the necessary background, setup
and precise problem statement.

A. Notations.

For a vector 7 € {—1,1}", let x; € {—1,1} denote its i‘"
coordinate. Define [n] = {1,2,...,n}, and for any J C [n],
let |J| denote its cardinality. For x € {—1,1}" and J C
[n], let x; = (z;)jes € {—1,1}I denote sub-vector with
its co-ordinates coming from J. For a set S, we denote its
cardinality as |S| and let 2° to be the power-set of S,

For a matrix A = [A;;] € R™N, let A, denote its
ith row and A,; denote its j* column for 1 < i <
m, 1 < j < N. Given a matrix A € R™ 7 we let
|Alloc = max; ;|A;;|. Finally, for a vector v € R, let
its £, norm, p > 1, be [jv[|, = (3, |vi|?)Y/*.

We shall use 0 for the vector of all Os and 1 for the vector
of all 1s with dimension dependent on the context.

B. Fourier representation.

Let F be the space of all real-valued functions defined on
{-1,1}", ie. F = {f : {—1,1}" — R}. This space of func-
tions forms a Hilbert space under the following inner prod-

uct: for any f, g € F, (f,9) = 5w Zpeq 1.1y [(2)9(2).
The induced norm is

7= =50 X P

ze{—1,1}n

For the set of all Boolean functions, Fuoo = {f :
{—=1,1}" — {=1,1}}, ||f|| = 1 since f2?(x) = 1 for all
xe{-1,1}".

The above Hilbert space naturally has an orthonormal
basis. As alluded to above in equation (2), a particular choice
of it, utilized popularly in the literature, is as follows. For
each J C [n], define a basis function x; € Fpool as

Xs () =

1 if J=10.
Now ||xs|| =1 for all J C [n], since x; € Fpool- It can be
checked easily that for J # J' and J, J' C [n],
(X7:Xx5) = 0.

Finally, the size of collection {x; : J C [n]} is 2", the
dimension of F. Therefore, it is indeed an orthonormal basis
of F. Given this, for any f € F, it can be represented as

fl) =" as(fxs(x), )

JC[n]

where the ‘Fourier’ coefficient a;(f) is given by

as(f)=(f,x7)

When clear from context, we shall drop the reference to f in
the notation a;(f) and instead simply use « ;. Finally, we
recall the Parseval’s identity

15 = (f. )
= Z agay (X, X)

J,J'C[n]

=) o (5)
JC[n)

C. Sparse polynomials.

A function f € F (not necessarily +1 valued) can be
decomposed as a sparse polynomial if we assume that the
set {aj(f) # 0} has cardinality s < 2". The goal of this
paper will be to effectively exploit this sparse structure of the
set of coefficients {«;(f)}. As an example, we again recall
the d-Junta described above. Let K C [n] be the subset of
d = | K| variables that determine the function f. For such
a function, it can be verified that for J C [n] such that
J\K # () we have ay(f) = (f,xs) = 0. Therefore,

fl@)=>" asxs(@). (6)

JCK

Thus, learning f boils down to learning 2¢ coefficients, av; =
ay(f) for J C K. A number of authors have developed
techniques for solving the Junta-problem, however, those
techniques do not necessarily lend themselves to learning
generic sparse polynomials.

D. Observation model.

We assume that we are given m labeled observations
(2%, f(z*)) to learn a sparse-polynomial function f. The
' € {—1,1}" are chosen independently and uniformly
at random. That is, we observe y € R™, where the ith
component of y,

f@")

> asxa(h). (7)
JC[n]

We shall call learning f with respect to this observation
model, exact recovery of f since we observe the exact value
of f evaluated at the sample x'. In contrast, in a noisy
observation model, observations are captured by y € R™
with the i** component of y being

yi = f(xz;) + e, ®)

with noise ¢; being such that for € > 0,
1 2\ 2
(D<) < ©)
mees

We shall call this the e-noisy version. Clearly, for the special
case of ¢ = 0, the problem is equivalent to the task of exact
recovery.

Yi
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We introduce some notations for an alternative represen-
tation for observations y. Consider an ordering of 2" subsets
J C [n], denoted by 7 : [2"] — 2["]. Thus, index j € [2"]
corresponds to the subset J = 7(j) C [n]. With this ordering
in mind, we shall (ab)use notation a; = a;(f) = ax;)(f)
and x; = Xx(;). Therefore, for any given function f with
Fourier coefficient vector o € R2n, the observation vector
y € R™, under the exact and noisy model, can be compactly
represented as

y=Aa—+e. (10)

In above, ¢ € R™ is the noise vector, which is the vector
of 0s in the exact model and we have ||c||s < € for the
e-noisy model. The matrix A € {—1,1}*2" is such that

Ai’j = X‘rr(j)(xi)'
E. Problem statement.

In summary, given observations y € R™ related to the
sparse-polynomial f as per (10), the interest is in recovering
o € R?" with ||aljo < s from independent samples. The goal
is to do so with high probability for as small m as possible
with error in the produced estimation &, ||& — a2 = O(e).

We note that this setting is exactly the same as sparse
vector recovery from (noisy) linear measurements considered
in the compressed sensing literature, cf. [8][9]. In a generic
result in compressed sensing literature, the considered mea-
surement matrices (here A) usually have independent and
identically distributed entries (with distributions like Gaus-
sian, Bernoulli or Rademacher, etc.). In our setting, though
matrix A is random (due to randomness of samples, ),
its entries are strongly correlated and more related to the
problems in compressed sensing involving the Fourier en-
semble [10] or correlated Gaussian design matrices [11].
However, as we shall see, any two distinct columns of A
are independent. This observation turns out to be sufficient
to establish guarantees similar to those obtained in the
compressive sensing literature.

ITI. RESULTS.
This section describes the recovery algorithm, as well as
its sample complexity.

A. Recovery algorithm.

Given the similarity with stable compressive sensing [9],
we propose to estimate the unknown « by solving the
following convex program:

1

\/’I’T’lHAﬂ - y||2 <e
(11)

Here we assume that we know the bound ¢ on the normalized
f5-norm of the error vector. In case of the exact observation
model, ¢ = 0, and hence the above program becomes a linear
program (also known as basis pursuit):

& € arg min [|3]|; such that
BeRgn

such that y = AB over §eR?".
(12)

& € argmin || 3]

a) Two remarks:: First, we note that in the setting
where « is not exactly s-sparse, but approximately s-sparse,
we may still use the above algorithm and obtain an estimate
@ that approximates the true a.. Second, we may incorporate
additional information about any restrictions on the support
of o by changing the condition 5 € R?" to the appropriate
sets of indices, for example, enforcing certain coefficients to
be zero.

B. Sample complexity.

In this section we discuss some of the consequences
of this paper. We show that given m observations, we
may recover an estimate & of « that will satisfy certain
desirable properties with high probability, in the noiseless
and noisy settings for both approximately and exactly sparse
polynomials. We establish the following guarantees about the
estimator (11).

Theorem 1: Let constants ¢ = 4096, ¢; = 4 and ¢y, = 8.
Then, for an arbitrary subset S with s = |S| and

m>cs’n (13)

we have that with probability at least 1—O (ﬁ) , the solution
a of (11) is such that

1
1

@ = alls < cre + eallase | (- (14)

The above result holds for any arbitrary set S and any
function f. Since the choice of @ is independent of S, the
result holds for S (with |S| < s) that optimizes (14). Specifi-
cally, if f is indeed approximately s-sparse or approximately
observed cf. equation (10), then as per (14), algorithm (11)
recovers a function f with |Lf — fll2 = O(e) by Parseval’s
identity, where f(z) = Zi:l arxk(z). Indeed, if f were
exactly s-sparse and € = 0, our algorithm recovers f exactly
with sample complexity O(s?n) with high probability. The
computational cost of the algorithm (11)-a linear program—
scales polynomially in the optimization problem size, i.e.
O(exp(©(n))).

Now let us contrast the above performance with the
naive algorithm: the algorithm that will search through all
possible sets of coefficients and find the set that best fits the
observations. Suppose we know a priori that the underlying
function f is s-sparse, i.e. there exists a set S, |S| < s,
corresponding to the indices of non-zero coefficients in the
polynomial decomposition of f, cf. equation (1). Then the
naive method is one algorithm for finding the maximum
likelihood estimate of f. Note that there are (%) ~ O(2")
such possible sets of indices of size s, which we will
denote as the models. Therefore, by a standard argument,
to confidently learn the function from a model class of size
O(2"%), one needs at least Q(log2"®) = Q(ns) samples.
However, we must enumerate through all possible sets which
is approximately 2"°. Therefore, the computational cost of
the above algorithm scales proportionally to the size of
the model class, i.e. O(2™%). In summary, our algorithm
achieves sample complexity that is nearly optimal (O(s?n)
vs. O(ns)); and has computation cost that scales polynomial
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with ambient dimension O(2") without any dependence on
s, in contrast to the computational cost of O(2"®) of the naive
algorithm. We may now proceed with the proof of Theorem 1
deferring certain technical details to the appendix.

IV. PROOF OF THEOREM 1.

We now establish the proof of Theorem 1. To that end, let
@ be the solution of (11), which is an estimate of «. Define
A = a — « and recall that ||ag|o < s. Let S with be subset
of indices of « that are non-zero. We state the following
property of A, known as the cone condition [7]:
Proposition 1: For A € R?",

1Ase]l1 < 1As]l + 2]lase]s. (15)
Note that in the setting that « is exactly supported on S we
have age = 0. For completeness, we have included its proof
in the Appendix. An important implication of equation (15)
yields that

[A[lr = [[Aslly + [[Asell < 2[|Asll + 2[lase
< 2V/15]|1As]l2 + 2]l as: s
< 2V/[5]|All2 + 2l|ase 1.
In the above, we have used the fact that for any v € RV,

[v]l1 < V/N||v||2. Using the fact that @ is a feasible solution
of (11) and ||AA||2 = ||Aa — Aal||2 we have

(16)

|[Aa — Aalls < |ly — Adllz + [l
< 2v/me.

Next, with I denoting the identity matrix and A = ﬁA we
have

A7)

L AA3 = ATATAA = AT(ATA-T)A+ATA
> | AJ3 - Al (ATA-1)a|

> |AI - Al | (A7A-1) as)

HOO

Finally, substituting equation (16) into equation (18) yields

A4l = Al - sis/IAR] (AmA- 1)

= Sllase ]| (ATA-1)|| . a9

In above, we have used inequalities: (a) for any two vectors
u,v € RY, |uTv| < |lul|1]|v]ls> and (b) for any matrix
Q € REXN and v € RY, [|Qu]loo < ||Qlloo]|v]l1. We wish
to further lower bound (19) as 1/2||A||3. Such a bound is
known as a restricted eigenvalue condition [12], [7]. To that
end, we state the following lemma, which shows that the
matrix A satisfies an incoherence property [4], [51, [6].

Lemma 1: The normalized observation matrix A = \/%A
is such that
HATA—IH <4,/ (20)
o) m

with probability at least 1 — 2.

We provide the proof of the above lemma in the Appendix.
From Lemma 1, for m > 4096|S|n, it follows that

P 1
ATA - IH <— 21
| ~ = 16/5] @D
Therefore, combining equations (19) and (21) yields
1 1 n
—[AAl5 = SIAlZ = 32llase [Ty /. ©22)

From equations (17) and (22); and the fact that |S| < s, it

follows that for m > 4096 s?n, with probability 1—O(1/2"),

[AF < 8€* + 64[ose||T\/Z, which is further upper
1\ 2

bounded as (46 + 8lavge |1 (2) 4) :

proof of Theorem 1.

This completes the

V. DISCUSSION.

In this paper, we considered learning s-sparse polynomial
functions under a uniform sampling model. Inspired by
results from compressive sensing, we presented a convex
optimization based recovery algorithm. The algorithm re-
quires m = 0(8271) samples where the produced estimate
is within error O(€) where € is a bound on the rescaled /-
norm of the per-sample error. Our results naturally extend to
the setting where the function f is well approximated by an
s-sparse polynomial. We further note that the entire space
of 2™ possible subsets need not necessarily be considered.
Indeed, if it is known a priori that a smaller set of indices
of a are non-zero, then we may restrict our attention to that
smaller set. Namely, if we know that there are at most NV
possible locations where the s non-zero components lie then
we can restrict our attention to those NN coefficients. In such
a setting, our results allow us to replace any occurrence of
2™ simply with N. Hence, the number of required samples
becomes 0(52 log N ) for learning an s-sparse Boolean poly-
nomial.

APPENDIX

We begin with the Proof of Proposition 1. This proposition
is known in the literature, cf. [9], [7]. We provide its proof
for completeness. Let S be some set of indices—typically we
set S to be the set of indices over which the components of
« are non-zero. Both « and & are feasible solutions of (11)
and « is its solution. Therefore,

[aslls + [lase]lr = [lallx
<lleli < llasll + llaselli- (23)
Whence,
[asellr < llaslly = las]ly + [lese 1
< llas —aslly + [loge |2
= [Asll1 + llase]:- 24)
Note that Hasc 1 = HAS“ —|—asc||1 Z ||ASC||1 — ||Oésc 1.

Rearranging terms completes the proof of Proposition 1.

2These constants can be improved, however, to simplify the exposition
and dependency on the problem parameters we have opted not to optimize
numeric constants.
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We now proceed with the Proof of Lemma 1. The proof
relies on the following simple observation. Since ' are
chosen uniformly at random from {—1,1}", all rows of A
are independent and identically distributed. The columns of
A, however are not mutually independent. But, we show
that they are pair-wise independent and this is sufficient to
establish Lemma 1.

Now A has a total of 2 columns. Each such column is a
i\/—% valued vector of length m, and hence is normalized,
i.e. the /5 norm is 1. For that reason, the diagonal entries of
AT A are equal to 1. Therefore, to establish the Lemma 1,
we need to show that the absolute values of the non-diagonal
entries of AT A are at most 4

In order to establish this claim, let us inspect the columns
of A more carefully. The column of A corresponding to the
empty set has all entries im; all other columns each have
entries distributed uniformly (not necessarily independently)
over + \} We state the following property about the inner

product of any two distinct columns of A that will establish
the desired result:

Lemma 2: Consider two columns of A, corresponding to
sets J,J' C [n]. Let a = [fzi]7b = [b] € {—ﬁ, ﬁ}m
denote these columns of A corresponding to J and .J’,
respectively. Let z; = a;b; for 1 < i < m. Then zy,..., 2,
are independent and identically distributed random variables
and each of them is uniformly distributed over {—-1 6 L

Proof: Given that J # J’, their symmetric d;rfoe;znce
JAJ" # (. Recall that

H:c], by = — HJC/

JEJ g reJ’

(25)

Since z' are chosen independently and uniformly over
{-1,1}", the random variables z are independent and
identically distributed with distribution being uniform over
{1, —1} for fixed j and varying . Therefore,

%(,sz) (11 =)

Z; =
j/eJ/
= CIT @) < ( I1 @502)
m .
jeJag jreand’
1 .
51
JETAT!
Since J # J’ and hence JAJ' # (), from above it follows
that z; is distributed uniformly over {—=L, L} Also since
z; depends on 2, they are independent across 1 < 7 < m.
This completes the proof of Lemma 2. |

Fr01:n Lemma 2, it follows that the inner product of columns
of A corresponding to any two different sets .J # J’ is the
sum of m independent and identically distributed random

variables, zl,.. , Zm, With each z; distributed uniformly
1

—, 5= (- By standard Azuma-Hoeffding’s bound,
it follows that for any ¢ > 0,

(5552 <2002

over

27

Therefore, by selecting ¢t = 4./ % it follows that

P();Z 2 4\/?) = 2526”

Thus, the absolute values of all non-diagonal entries of
AT A are at most 4,/ with probability at least 1 — 5.
Therefore, by union bound (over at most 4 non-diagonal
possible entries), it follows that the maximum of the absolute
values of all non-diagonal entrles of AT A is at most 4\/7
with probability at least 1 — 6 4". In summary, it follows that
with probability at least 1 — O(1/4"),

HATA _ IH <4,/
o0 m

This completes the proof of Lemma 1.

(28)

(29)
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